We prove that for any abelian variety A defined over a number field K that is not isogenous to a product of CM elliptic curves, the pontrjagin dual of the Selmer group of the abelian variety over the trivializing extension K(A[p ∞ ]) has no nonzero pseudo-null submodules.
Assume A has good reduction at any prime over p. Let S be a finite set of places of K containing all primes above p and primes where A has bad reduction. Coates and Greenberg ([CG] ) have established an isomorphism
where v is a prime above p and A denotes mod-v reduction of the abelian variety A, which is an abelian variety defined over a finite field by the assumption. Therefore, defining A(p) = A(p) for any v p, we have the following exact sequence of Λ(G)modules:
(
In this paper we always assume the following:
(1) A has good reduction at any prime over p.
(2) The map ψ in the sequence (2) is surjective.
(3) A is not isogenous to a product of CM elliptic curves.
There is a fundamental conjecture on the Λ-rank of the pontrjagin dual of the Selmer group X := Sel p ∞ (A/K ∞ ) ∨ (see, for instance, conjecture 7.4 of [OV2] ). It is known that the conjecture implies the second assumption.
Under these assumptions we prove the following Theorem. Let A be an abelian variety defined over a number field K. Let p be an odd prime. Assume the three assumptions (1), (2) and (3) stated above. Let K ∞ = K(A(p)) and G = Gal(K ∞ /K). Then the pontrjagin dual of the Selmer group X = Sel p ∞ (A/K ∞ ) ∨ does not have nontrivial pseudo-null Λ(G)-submodules.
The reason why we need assumption (3) is that our proof requires the dimension of G as a p-adic Lie group to be greater than 2, which is the case with the abelian varieties satisfying assumption (3), as the following lemma implies. The proof of the lemma is due to Yuichiro Taguchi. Lemma 1. Assume A is an abelian variety over K of dimension > 1 and simple overK. Then the dimension of G as a p-adic Lie group is greater than or equal to 3.
It is also known that Z contains a two-dimensional torus ( [Se] , p. 11). Hence if G is not potentially abelian, we get dim(G) ≥ 3. If G is potentially abelian, then A is of CM type, and according to Ribet ([Ri] ), we have dim(G) ≥ 3.
By assumption (3) and Lemma 1, we have dim(G) ≥ 3, because if A contains a simple abelian subvariety B which has dimension greater than 1, then by Lemma 1, we have dim(G) > 2. If A is isogenous to a product of elliptic curves, at least one of which is an elliptic curve without CM, then we have dim(G) > 2, by a theorem of Serre which says the dimension of G as a p-adic Lie group is equal to 4 for any elliptic curve that has no CM.
The definition of a pseudo-null submodule for a commutative noetherian ring is well known: For such a ring R, a finitely generated R-module M is pseudo-null if the Krull dimension of M is less than dim(R) − 1. This notion has been extended to the cases of noncommutative rings, including the Iwasawa algebra
Here we just recall that for any finitely generated Λ-module M :
In the paper [OV1] we have proved the following things:
• There is the following short exact sequence of finitely generated Λ-modules:
We may assume dim(A) ≥ 2. We may take K such that K = K 0 , and S = {v : v | p}. The reasons are the same as in the one-dimensional case (see [OV1] ). We can take K = K 0 because our aim is to show the vanishing of some Ext-groups and there is the following isomorphism ([Ja], 2.3):
Ext i Λ(G) (M, Λ(G)) ∼ = Ext i Λ(U) (M, Λ(U )) for all i ≥ 0, U any open subgroup of G and M any finitely generated Λ(G)-module. It is easy to see that if v p and dim(G(K v (A(p))/K v )) = 1, then A has potentially good reduction by Ogg-Shafarevich's criterion ( [ST] ). By a result of Serre-Tate in [ST] , there is no such place in K 0 ([ST], 2-2). If v p and dim(G(K v (A(p))/K v )) > 1, we have H 1 (K v , A)(p) = H 1 (K v,∞ , A(p)) = 0 by 5.4 of [OV1] . So if we have K = K 0 , then we can take our S to be the set {v : v | p}.
By assumption, we have the following exact sequence:
We often use the facts that
, 5.5), and that E i (X) = E i+1 (J) = E i+2 (A(p) ∨ ) for all i ≥ 2 (the latter follows from the fact that Y has projective dimension ≤ 1 and the definition of J).
). Lemma 2. Let G be a p-adic Lie group without p-torsion elements of dimension d, and let N be a Λ(G)-module. Assume that N is finitely generated as a Z p -module. Then:
(1) If N is Z p -free, then E i (N ) = 0 for i = d and E d (N ) is torsion free. If N is finite, then E i (N ) = 0 for i = d + 1 and E d+1 (N ) is finite.
(2) For the X defined above, E i (X) = 0 if i = 0, 1, d − 2.
Proof. The first one is a result of U. Jannsen ([Ja], 2.6). The second one follows from the first one since E i (X) = E i+2 (A(p) ∨ ) (for i ≥ 2). The third one follows from the first one and the local version of the sequence (3).
To prove the theorem, we show E i E i (X) = 0 for all i ≥ 2. Recall that there is the
Now let us consider the case i = 2. Our aim is to show E 2 E 2 (X) = 0. Assume first that E 2 (X) = 0. In this case dim(G) = 4 by Lemma 2.
Let us define Y v , J v and X v similarly for each place v of K but by replacing A(p) ∨ with A(p) ∨ . For example X v := H 1 (K v,∞ , A(p)) ∨ . As in the global case, we have an exact sequence 0 → X v → Y v → J v → 0 for each place v of the number field.
Lemma 3. There is the following commutative diagram:
Proof. That Y has projective dimension ≤ 1 implies E 2 (Y ) = 0, which explains the 0 at the top of the first column in the diagram. Let 
